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E-mail address: qwang@northwestern.edu (Q. WanQuarter space problems have many useful applications wherever an edge is involved, and solution to the
related contact problem requires extension to the classical Hertz theory. However, theoretical explora-
tion of such a problem is limited, due to the complexity of the involved boundary conditions. The present
study proposes a novel numerical approach to compute the elastic ﬁeld of two quarter spaces, joined so
that their top surfaces occupy the same plane, and indented by a rigid sphere with friction. In view of the
equivalent inclusion method, the joined quarter spaces may be converted to a homogeneous half space
with properly established eigenstrains, which are analyzed by our recent half space-inclusion solution
using a three-dimensional fast Fourier transform algorithm. Benchmarked with ﬁnite element analysis
the present method of solution demonstrates both accuracy and efﬁciency. A number of interesting para-
metric studies are also provided to illustrate the effects of material combinations, contact location and
friction coefﬁcient showing the deviation of the solution from Hertz theory.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The Hertz theory of contact is based on the assumption of a
homogeneous half space. However, many engineering systems
such as rail/wheel contact, roller bearing contact or contact of
welded bodies pose a challenge to the extension of contact theories
for more complex considerations. The contact analyses for quarter
space related problems are of great importance in both theoretical
research and practical applications. Hetenyi (1970) employed an
iterative scheme to calculate the stress in an elastic quarter space
subjected to a concentrated normal load on its surface. The key to
this iterative scheme utilizes two overlapped symmetrically loaded
half spaces; numerical methods are employed to free the interfa-
cial plane from normal stress. A coupled pair of integral equations
with an unknown pressure can be derived from the two overlapped
half spaces. Keer et al. (1983) used the Fourier transform to solve
the integral equations and extended the solution approach to an
elastic quarter space subjected to tractions on its surface. Further-
more, Hanson and Keer (1990) used a direct method to solve the
integral equations, in which arbitrary loading could be considered.
Moreover, the contact behavior near the edge of a quarter space is
complex, and the edge effects arising from a quarter space during
contact were examined by numerical approaches (Hanson andll rights reserved.
of Mechanical Transmission,
: +86 847 467 7510; fax: +86
g).Keer, 1991, 1995; Hanson et al., 1994) or experiments (Chai and
Lawn, 2007; Gogotsi and Mudrik, 2009; Mohajerani and Spelt,
2010). On the other hand, the ﬁnite element method (FEM) was
employed by Bower et al. (1987) to analyze the plastic deformation
of a quarter space under rolling contact loads. The contents of the
above literature were limited to problems associated to a single
quarter space. The contact problems of two joined quarter spaces,
i.e., welded materials, were not involved. A quarter space can be
treated as a special case of two joined quarter spaces, by setting
Young’s modulus of one of the materials to be zero.
The present analysis uses the equivalent inclusion method
(EIM) originally proposed by Eshelby (1957) to investigate the con-
tact between a rigid sphere and two joined quarter spaces. One of
them is regarded as an inhomogeneity, which is treated by an
equivalent inclusion of the same material constants as the other
(cf. Eshelby (1957) and Mura (1993)) but with proper eigenstrain
distribution. The entire displacement or stress ﬁelds are obtained
by the superposition of the homogeneous half space solutions
and the disturbed solutions due to the equivalent eigenstrains. In
numerical procedure, contact pressure is approximated as piece-
wise constant over rectangular patches. The homogeneous half
space solutions for the elastic displacements or stresses caused
by the uniform pressure distributed on a rectangular area were ob-
tained by Love (1929), Johnson (1985), Kalker (1986), Ahmadi et al.
(1987), Hills et al. (1993), Liu and Wang (2002).
In the proposed modeling, analytical solutions for inclusions
can be obtained following the direction of many known works,
such as those for the elastic ﬁelds in a half space caused by
Nomenclature
a Hertzian contact radius, mm
Cijkl;C

ijkl elastic moduli for the matrix and inhomogeneity,
respectively, MPa
Cuzp ;C
uz
qx
;Cuzqy the inﬂuent coefﬁcients of pressure-displacement
and shear traction-displacement
E1 Young’s modulus for region 1, GPa
E2 Young’s modulus for region 2, GPa
F Galerkin vectors
g surface gap, mm
h0 body separation between two surfaces, mm
I unit matrix
M, N, L grid numbers along x, y and z directions, respectively
My moment about the y-axis, N mm
p pressure, MPa
ph maximum Hertzian pressure, MPa
qx,qy shear tractions parallel to the x, y direction, respectively,
MPa
R sphere radius, mm
Tð0Þijkl; T
ð1Þ
ijkl; T
ð2Þ
ijkl; T
ð3Þ
ijkl inﬂuence coefﬁcients relating eigenstrain to
stress
uz surface displacements in the z direction, uz ¼ uez þ ~uz,
where uez and ~uz denote half space solution and dis-
turbed solution due to inhomogeneity, respectively, mm
W applied normal load, N
x, y, z space coordinates, mm
x0,x vectors of the source point and target point, respectively
dz rigid displacement in the z direction, mm
dij Kronecker delta
Dx,Dy,Dz grid sizes of x, y and z directions respectively, mm
e0ij initial strain
~eij perturbed strain caused by inhomogeneity
eij eigenstrain
lf friction coefﬁcient
m1 Poisson’s ratio for the body 1
m2 Poisson’s ratio for the body 2
rij stress, MPa
r0ij stress due to pressure and shear tractions, MPa
rij eigenstress due to eigenstrain, MPa
l shear modulus, MPa
X domain of inhomogeneity
Special symbols
⁄ convolution
: tensor contraction between a fourth-rank tensor and a
second-rank tensor
Tilde() or FT the Fourier transform
IFFT inverse discrete fast Fourier transform
Subscripts
1, 2 left and right quarter spaces, respectively
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dal inclusions (Seo and Mura, 1979), or cuboid inclusions (Chiu,
1978). Note that the eigenstrains given in the above references
were assumed to be uniform. On the other hand, numerical ap-
proaches built upon these elementary solutions can make the anal-
ysis applicable to more general cases. The elastic ﬁelds due to
eigenstrains can be expressed in terms of Galerkin vectors (Mindlin
and Cheng, 1950a), where the basic Galerkin vectors in a half space
were derived by Yu and Sanday (1991a,b). Based on the Galerkin
vectors, Liu and Wang (2005) initiated the study of the stress ﬁelds
due to eigenstrains in a half space; the full set of analytical solu-
tions for the displacements and stresses were achieved in Liu
et al. (2012). Furthermore, Liu et al. (2012) derived the inﬂuence
coefﬁcients in explicit closed-form for numerical implementation,
when the computational domain is divided into a number of ele-
mentary cuboids with uniform eigenstrains. The resultant elastic
ﬁeld caused by all such eigenstrains was the sum of solutions con-
tributed by each individual inclusion, where the computation high-
lights a seamless implementation of the three-dimensional fast
Fourier transform (FFT) algorithms (Liu et al., 2000). The current
work relies heavily on this method to accelerate the calculation.
The equivalent eigenstrains chosen to replace the inhomogene-
ities need to be determined in advance. Recently, Chen et al. (2010)
and Zhou et al. (2011a,b) used the Conjugate Gradient Method
(CGM) to solve the equivalent eigenstrains. Chen et al. (2010) used
this method to analyze the elasto-plastic contact on a layered half
space. In their model, the layered material was treated as an inho-
mogeneity. Furthermore, the contact problems of a single inhomo-
geneity or a stringer of inhomogeneities in a half space subjected to
an indentation was investigated by Zhou et al. (2011a). On the
other hand, spherical inhomogeneities (Leroux et al., 2010) and
cylindrical inhomogeneities (Leroux and Nélias, 2011) were also
investigated. However in their numerical approach, the methods
used to solve the disturbed solutions due to eigenstrains were
based on Zhou et al. (2009), which is an approximate method pos-
sessing difﬁculties in numerical error control. The computationaldomain needs to be extended signiﬁcantly and the surface mesh
should be ﬁne enough to capture accurately the disturbance
behavior of near surface inclusions. However, when a ﬁne surface
mesh is used, such an indirect method would experience extra dif-
ﬁculties in developing explicit relations between the redundant
surface traction and the unknown eigenstrain. The present contact
analysis of the two joined quarter spaces model is based on the EIM
theories employing the explicit solutions of the eigenstress and the
inﬂuence coefﬁcients developed by Liu et al. (2012), which, in
contrast, have circumvented the above mentioned numerical
difﬁculties.
2. Theoretical description
2.1. Equivalent inclusion method for joined quarter spaces
The contact model for a rigid sphere indenting two joined quar-
ter spaces is shown schematically in Fig. 1. The two quarter spaces,
denoted as region 1 and region 2 with different material properties,
are perfectly ‘‘welded’’ together. Region 2 can be treated as an
inhomogeneity (denoted by X) with respect to the region 1. When
the two joined quarter spaces are subject to an external load,
elastic ﬁelds will be disturbed by the inhomogeneity. The inhomo-
geneity can be replaced by an inclusion using properly chosen
eigenstrains (Eshelby, 1957). This method is called equivalent
inclusion method (EIM). The stress ﬁeld of the two joined quarter
spaces, shown in Fig. 2 (a), can be express as follows, using Hooke’s
law,
rij ¼ Cijkl e0kl þ ~ekl
  ¼ Cijkl e0kl þ ~ekl  ekl  in X ð1aÞ
rij ¼ Cijkl e0kl þ ~ekl
 
in DX ð1bÞ
where Cijkl and C

ijkl denote the elastic moduli of the matrix (D X)
and inhomogeneity (X), respectively; e0klis the homogeneous (i.e. in
the absence of material inhomogeneity) contact solution caused by
the surface pressure; and ~ekl is the perturbed strain caused by the
Fig. 1. Contact model and coordinate system illustrated by a rigid sphere sliding on
two joined quarter spaces, assuming perfect bonding along the common boundaries
without any crack at the joint interface.
Table 1
Material parameters and contact conditions.
Parameter value
Normal load, W (N) 1923
Friction coefﬁcient, lf 0, 0.2, 0.4, 0.6
Sphere radius, R (mm) 20
Young’s modulus in left quarter space, E1 (GPa) 210
Poisson’s ratio in left quarter space, m1 0.3
Young’s modulus in right quarter space, E2 (GPa) (0,0.5,1,4)  210
Poisson’s ratio in right quarter space, m2 0.3
Maximum Hertzian contact pressure, ph (MPa) 3672.76
Hertzian contact radius, a (mm) 0.5
Distance, d/a 0  3
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employed to account for the inﬂuence of the inhomogeneity.
Hooke’s law can also be expressed as follows,
e0kl þ ~ekl ¼ C1klmnrmn þ ekl in X ð2Þ
Substituting Eq. (2) into (1), we have,
rij ¼ Cijkl C1klmnrmn þ ekl
 
in X ð3ÞFig. 2. Equivalent inclusion method for joined half spaces: (a) Stress ﬁeld of two joined
inhomogeneity (X)), (b) Elemental cuboids and element size.On the other hand, the stress can be written as the sum of
homogeneous contact stress r0ij due to pressure and shear trac-
tions, and eigenstress rij due to eigenstrain, i.e.
rij ¼ r0ij þ rij ð4Þ
Substituting Eq. (4) into (3) yields
r0ij þ rij ¼ Cijkl C1klmn r0mn þ rmn
 þ ekl  in X ð5Þ
or equivalently,
CijklC
1
klmnr

mn  rij þ Cijklekl ¼ CijklC1klmnr0mn þ r0ij in X ð6Þ
The above equation may be represented in matrix form
ðCC1  IÞ  r þ C  e ¼ ðI CC1Þ  r0 ð7Þ
where I is the unit matrix.
The eigenstress rij due to eigenstrain in a half space can be ex-
pressed as (Liu et al. (2012)),quarter spaces (Cijkl and C

ijkl denote the elastic moduli for the matrix (D X) and
Fig. 3. Modeling ﬂowchart.
Fig. 4. Veriﬁcation of the present method with the FEM. (a) FEM model with mesh design, (b) Pressures along the x-axis for E2 = 4E1 and E2 = 0, (c) Stresses for E2 = 4E1 along
the line through point (0,0,0.72a) and parallel to the x-axis, (d) Stresses for E2 = 0 along the line through point (0,0,0.72a) and parallel to the x-axis.
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l
4pð1 mÞ
Z
X
Hij  RI;ij  Rij  2zR;3ij þ 2z2/ij
 
½edx0
in DX ð8aÞrijðxÞ ¼
l
4pð1 mÞ
Z
X
Hij  RI;ij  R;ij  2zR;3ij þ 2z2/;ij
 
½edx0
 2leij 
2l
1 m me

kkdij in X ð8bÞ
Fig. 5. Contour plots of the von Mises stresses in the y = 0 plane for different Young’s modulus values E2 (solutions based on the present method are shown in left plots and
FEM solutions are shown in right plots): (a) E2 = 4E1, (b) E2 = E1, (c) E2 = 0.5E1, (d) E2 = 0.
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 T , vectors H;RI;R and / are
the second order derivatives of potentials (Liu et al. (2012)), and the
comma indicates partial differentiation.
In the numerical simulation, the two quarter half spaces,
shown in Fig. 2 (b), are meshed into several constant-sizedcuboids. The sides of the cuboid have lengths of 2Dx, 2Dy
and 2Dz in their respective x, y, z directions, and each
cuboid is assumed to have uniform eigenstrains. After
discretization, Eq. (8) can be re-written as cuboidal
contributions,
Fig. 6. Grid test and comparisons of the CPU time and computer memory usage by the present method and FEM for different mesh densities (The simulation domain is
(1.5a,4.5a)  (3a,3a)  (0,4a) along the x, y and z directions for the present method and (10a,10a)  (10a,10a)  (0,10a) for FEM. The larger domain for the latter is
due to the need of boundary condition satisfaction): (a) Pressure along x-axis, (b) Von Mises stress along the z-axis, (c) CPU time consumption by the present method and FEM,
(d) Memory usage by the present method and FEM.
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l
4pð1 mÞ
XL1
#¼0
XN1
g¼0
XM1
f¼0
Tð0Þijklða f;b g; c #Þeklðf;g; #Þ
 
þ
XL1
#¼0
XN1
g¼0
XM1
f¼0
Tð1Þijklða f; b g; cþ #Þeklðf;g; #Þ
þz
XL1
#¼0
XN1
g¼0
XM1
f¼0
Tð2Þijklða f;b g; cþ #Þeklðf;g; #Þ
þz2
XL1
#¼0
XN1
g¼0
XM1
f¼0
T ð3Þijklða f;b g; cþ #Þeklðf;g; #Þ
!
;
ð0 6 a 6 M  1; 0 6 b 6 N  1; 0 6 c 6 L 1 ð9Þ
where Tð0Þijkl; T
ð1Þ
ijkl; T
ð2Þ
ijkl and T
ð3Þ
ijkl are the inﬂuence coefﬁcients relating
eigenstrain to eigenstress. Eq. (9) includes convolution and convolu-
tion-correlation combination terms. When solving the multiple
cuboidal eigenstrain problem, one can conduct 3D discrete convolu-
tion and FFT (DC-FFT) for the ﬁrst term, combine 3D discrete convo-
lution-discrete correlation and FFT (DC-DCR-FFT) (DC–FFT in the x
and y directions and DCR–FFT in z direction) for the others. More
details on the inﬂuence coefﬁcients Tð0Þijkl; T
ð1Þ
ijkl; T
ð2Þ
ijkl and T
ð3Þ
ijkl are avail-
able in Liu et al. (2012), Appendix A2. Using the notation A for
the inﬂuence coefﬁcients and symbol ‘‘’’ for an operator to repre-
sent convolution and correlation-convolution, Eq. (9) can be
expressed in a simpliﬁed form
r ¼ A e ð10Þ
Submitting (10) into (7) leads to
ðCC1  IÞ  A e þ C  e ¼ ðI CC1Þ  r0 ð11ÞEq. (11) is a set of linear equations with unknown eigenstrain e⁄.
If the grids of M1  N1  L1 are employed to mesh the inhomoge-
neity (see Fig. 2(b)), the above system of 6 M1  N1  L1 equations
for 6 M1  N1  L1 unknown e⁄ may be solved by using CGM
(Zhou et al. (2011a,b)).
When the eigenstrains are obtained, the surface perturbed
displacement ~ui is given as follows (Liu et al. (2012)):
~ui ¼ 12p
Z
X
Usi ½edx0 ð12Þ
The explicit expression of Usi can be found in Liu et al. (2012).
Similarly, after discretization, Eq. (12) can be solved by using 2D
DC–FFT.2.2. Contact model
The boundary conditions for two bodies in contact can be de-
scribed by the following system of equations and inequalities as
in most numerical contact models:
pðx; yÞP 0; gðx; yÞ ¼ 0 in contact regions ð13aÞ
pðx; yÞ ¼ 0; gðx; yÞP 0 in contact regions ð13bÞZZ
pðx; yÞdxdy ¼ W ð13cÞ
where p denotes pressure and W is the normal load; g the surface
gap consisting of h0 the initial body separation between the two
surfaces, dz the z direction rigid displacement, and uz the surface
normal displacement. The contact bodies are meshed into a number
Fig. 7. Dimensionless pressure p/ph along the x-axis for different d and E: (a)
E2 = 4E1, (b) E2 = 0.
Fig. 8. Dimensionless surface stress rxx/ph along the x-axis for different d and E: (a)
E2 = 4E1, (b) E2 = 0.
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following matrix form,
g ¼ h0  dz þ uz ð14Þ
When the contact materials contain inhomogeneities, the
equivalent inclusion method is used to treat inhomogeneities as
inclusions with appropriate eigenstrains. The surface displacement
can be expressed as the sum of uez the surface elastic displacement
(a homogeneous half space solution) and ~uz the perturbed normal
displacement on surface due to inhomogeneity. That is
uz ¼ uez þ ~uz ð15Þ
Since uez is the half space solution, it can be calculated in terms of
inﬂuence coefﬁcients by using the FFT method indicated below.
uez ¼ IFFT eCuzqx  ~qx þ IFFT eCuzqy  ~qy þ IFFT eCuzp  ~p  ð16Þ
where the asterisk is the symbol for convolution; qx and qy are the
shear tractions along the x, y directions, respectively; eCuzqx ; eCuzqy ; eCuzp
are related inﬂuence coefﬁcients for the half space solutions
depending on the elastic properties of the material of region 1
and the mesh size. In an elastic contact of homogeneous material,
~uz ¼ 0.
Eq. (14) is a set of linear equations; the CGM is used to acceler-
ate the solution for pressure with constraints on Eq. (13). For more
details about the iteration scheme, the reader may refer to Polon-
sky and Keer (1999). The ﬂowchart for solving the contact problem
of inhomogeneous materials is shown in Fig. 3.3. Numerical results and discussion
In this section, the contact between a rigid sphere and a com-
posite half space of two joined quarter spaces (Fig. 1), is analyzed.
Normal load W and tangential load Fx are applied to the rigid
sphere. Frictional contact is considered by assuming a surface fric-
tion coefﬁcient lf. The contact center is located at the origin of
coordinates, and parameter d is the distance between the contact
center and the joined interface between the two quarter spaces.
The Young’s modulus value E1 for region 1 is kept constant, while
the Young’s modulus value E2 of region 2 is varied. The material
parameters and contact conditions are listed in Table 1. In the fol-
lowing simulation, the pressure (or stresses) and displacements are
normalized, respectively, by the maximum Hertzian pressure ph
and contact radius a from the corresponding homogeneous contact
case of the material of region 1. The simulation domain is (1.5a,
4.5a)  (3a,3a)  (0,4a) along the x, y and z directions and is dis-
cretized uniformly into 64  64  50 cuboids. The material inho-
mogeneity outside the simulation domain is neglected and is
therefore treated as homogeneous with the same elastic properties
as region 1. This assumption will be validated in the following
discussion.
3.1. Model veriﬁcation
The results obtained from current method are compared to
those from FEM. A personal computer with 2.5 GHz and i5 CPU
was used to calculate these cases. The commercial software
Fig. 9. Dimensionless von Mises stress for different d: (a) E2 = 4E1 and along the contact axis, (b) E2 = 0 and along the contact axis, (c) Relationship between the maximum von
Mises stress and d for E2 = 4E1, (d) Relationship between the maximum von Mises stress and d for E2 = 0.
Fig. 10. Dimensionless load-displacement curves for different d: (a) E2 = 4E1, (b)
E2 = 0.
Fig. 11. Dimensionless pressure p/ph along the x-axis for different E2 and lf when
d = 1.2a: (a) E2 = 4E1, (b) E2 = 0.
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Fig. 12. Dimensionless surface stress rxx/ph along the x-axis for different E2 and lf
when d = 1.2a: (a) E2 = 4E1, (b) E2 = 0.
Fig. 13. Dimensionless interfacial shear stresses rxz/ ph for different E2 and lf when
d = 1.2a: (a) lf = 0, (b) lf = 0.6.
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ﬁnite-element analysis for the same problem. The mesh for the two
joined quarter spaces is plotted in Fig. 4(a) and elements in the
mesh are type C3D8R (Eight-node linear brick with reduced inte-
gration are hourglass controlled). The simulations were carried
out with a ﬁxed dimensionless distance d/a = 1.2 and friction coef-
ﬁcient lf = 0. The contact pressures along the x-axis are plotted in
Fig. 4(b) for E2 = 4E1 and E2 = 0. Fig. 4(b) reveals that for the case of
E2 = 4E1, the pressure proﬁle shifts toward the harder quarter
space, i.e., the positive direction of the x-axis, while for E2 = 0, the
contact region moves toward the negative direction of the x-axis.
Fig. 4(c) and (d) give the stresses for E2 = 4E2 and E2 = 0, respec-
tively. The von Mises stresses show discontinuities at the jouned
interface between the two quarter spaces. Furthermore, contour
plots of the von Mises stresses in the y = 0 plane are presented in
Fig. 5 for E2 = 4E1, E2 = E2, E2 = 0.5E2 and E2 = 0. The results obtained
by the current method are in good agreement with those obtained
by FEM. The results also indicate that the simulation domain is suf-
ﬁcient to reduce the errors induced by the homogeneity assump-
tion outside of the simulation domain.
Furthermore, Fig. 6(a) and (b) show the mesh density test for
pressure and stress respectively. Although the results can be im-
proved by increasing mesh density, the mesh of 64  64  50 is
sufﬁciently accurate for the present numerical studies. Fig. 6(c)
and (d) are the comparisons of the CPU time and computer mem-
ory between the present method and FEM for different mesh den-
sities. The present method is faster and considerably less memory
consuming than FEM. Note that a moderate simulation domain inFEM analysis is (10a,10a)  (10a,10a)  (0,10a) in order to sat-
isfy the half space boundary conditions. Thus, even under the same
grid size, the present method provides more grids in the contact re-
gion than does FEM.
3.2. Parameter study
3.2.1. Effect of d
When studying the effect of the contact location, friction coefﬁ-
cient lf was kept to be zero, while parameter d varied from 1 to 3.
The dimensionless pressures along the x-axis for different d are
shown in Fig. 7. As d increases, the pressure proﬁle moves to the
left (in the direction of the more compliant quarter space) in the
case of E2 = 4E1, while for E2 = 0 the tendency is reversed. Note that
a higher pressure can be observed at the joined interface between
the two quarter spaces when d/a = 1 and for E2 = 4E1 (Fig. 7(a)),
which means both quarter spaces are directly involved in the con-
tact; more details will be discussed in section 3.3. Fig. 8 shows the
surface compressive or tensile stresses along the x-axis for differ-
ent d. The right side of the contact exhibits a high tensile stress
in the case of E2 = 4E1 (Fig. 8(a)). Moreover, as d increases, the max-
imum value of tensile stress drops, and the curve of rxx becomes
symmetric with respect to the y axis. For the case of E2 = 0
(Fig. 8(b)), the maximum tensile stress lies to the left side of the
contact, and increasing d makes the maximum tensile stress de-
crease and the maximum compressive stress increase. Again, when
d/a is sufﬁciently large, i.e., d/a > 3.0, the effect of stresses on the
right quarter space disappears.
Fig. 9(a) and (b) show the distribution of dimensionless von
Mises stress along the contact axis for different values of d. A small
E2 promotes a higher von Mises stress than does a large E2 . As d
Fig. 14. Dimensionless von Mises stress for different E2 and lf when d = 1.2a: (a) E2 = 4E1 and along the contact axis, (b) E2 = 4E1 and through point (0,0,0.72a) and parallel to
the x-axis, (c) E2 = 0 and along the contact axis, (d) E2 = 0 and through point (0,0,0.72a) and parallel to the x-axis.
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E2 = 4E1 (Fig. 9(a)), while for case of E2 = 0, the vonMises stress pro-
ﬁle moves downward (Fig. 9(b)). Fig. 9(c) and (d) give the maxi-
mum von Mises stresses as a function of d for E2 = 4E1 and E2 = 0,
respectively. Note that in the case of E2 = 4E1, when d/a = 1.0, the
maximum von Mises stress is located in the right quarter space.
Thus in this case, parameter d/a is chosen from 1.1 to 3 inclusively,
which makes the left quarter space the focus of this study. The
maximum von Mises stress becomes larger with increasing d in
the case of E2 = 4E1. For example, the dimensionless maximum
von Mises stress is 0.607 when d/a = 1.1, while it increases to
0.618 when d/a = 3. However for the case of E2 = 0, the curve of
the maximum von Mises stress declines as d increases but changes
more than when E2 = 4E1.
The load-displacement curves are plotted in Fig. 10 for different
values of d. When d increases, the slope of the curve decreases in
the case of E2 = 4E1 (Fig. 10(a)) for a given indentation depth; while
for E2 = 0, the tendency is reversed (Fig. 10(b)). When d/a = 3, the
load-displacement curve is nearly the same as that of the homoge-
neous solution obtained by the Hertz theory (Johnson, 1985).
3.2.2. Effect of lf
In this section, sliding contact is considered, and the parameter
d is ﬁxed at 1.2a, while the friction coefﬁcient varies from 0 to 0.6.
As in the partial slip case investigated by Wang et al. (2010), tan-
gential traction can result in deformation in the normal direction,
which couples the pressure and shear traction. However, in the
present study, sliding friction follows Amonton’s law without con-
sidering this coupling effect. A similar simpliﬁcation consequence,Goodman’s approximation, was examined in detail in Hills et al.
(1993). Fig. 11(a) and (b) show the dimensionless pressure along
the x-axis for different values of lf for E2 = 4E1 and E2 = 0, respec-
tively. The pressure curve shifts towards the trailing edge of the
contact area with increasing friction coefﬁcient similar to the re-
sult for homogeneous contact. Fig. 12 shows in-surface normal
stress rxx along the x-axis for different lf. High friction coefﬁcients
increase the magnitude of stress rxx. Furthermore, as the friction
coefﬁcient lf increases, the tensile stress increases at the trailing
edge of the contact area and decreases at the leading edge. The
interfacial shear stresses at x = 1.2d for different E2 and lf are given
in Fig. 13. The maximum interfacial shear stress increases with E2,
which means a high E2 is prone to cause interfacial failure. Again,
friction enhances the maximum interfacial shear stresses.
Fig. 14 shows the dimensionless von Mises stress along the z
axis or through point (0,0,0.72a) and parallel to the x axis with
varying lf for E2 = 4E1 or E2 = 0. The von Mises stress along the
z-axis ﬁrst increases, then decreases with low lf; however it de-
creases monotonically when lf is sufﬁciently greater for both
the E2 = 4E1 and E2 = 0 cases (Fig. 14(a) and (c)). Because the
two quarter spaces are assumed to be perfectly bonded together
along a common edge without any crack at the joint interfaces,
stress components ryy, ryz and rzz are discontinuous at the inter-
face. Thus, the von Mises stress exhibits signiﬁcant discontinuities
across interfaces (Fig. 14(b) and (d)). Moreover, if E2 > E1, the von
Mises stress at the right side of interface is larger than that at the
left side.
Contour plots of dimensionless von Mises stresses in the y = 0
plane for various lf are shown in Fig. 15. Friction increases the
Fig. 15. Contour plots of dimensionless von Mises stresses in plane y = 0 for different E2 and lf when d = 1.2a: (a) E2 = 4E1 and lf = 0.2, (b) E2 = 4E1 and lf = 0.6, (c) E2 = 0 and
lf = 0.2, (d) E2 = 0 and lf = 0.6.
Table 2
Maximum normalized von Mises stress for different d and lf.
E2 /E1 d/a lf = 0.0 lf = 0.2 lf = 0.4 lf = 0.6
4 1.2 0.6108 0.6314 0.7147 0.9789
1.5 0.6155 0.6340 0.6989 0.9941
2.0 0.6168 0.6342 0.7053 1.0022
3.0 0.6178 0.6348 0.7108 1.0090
0.5 1.0 0.6339 0.6570 0.7483 1.0541
1.2 0.6286 0.6496 0.7387 1.0429
1.5 0.6231 0.6420 0.7279 1.0298
2.0 0.6204 0.6386 0.7212 1.0220
3.0 0.6187 0.6365 0.7154 1.0151
0 1.0 0.7005 0.7542 0.8892 1.2161
1.2 0.6779 0.7250 0.8539 1.1749
1.5 0.6506 0.6867 0.8024 1.1172
2.0 0.6349 0.6635 0.7653 1.0746
3.0 0.6233 0.6448 0.7315 1.0342
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towards the interfaces. For the case of E2 = 4E1, the maximum nor-
malized vonMises stress for lf = 0.2 is 0.631, and its positionmoves
near to the leading edge of the contact area (see Fig. 15(a)), while for
lf = 0.6, the von Mises stress has a maximum value at the surface,
but its position moves near to the trailing edge of the contact area
(see Fig. 15(b)). Under the same load with same friction coefﬁcient
lf and parameter d, the maximum von Mises stress in the case of
E2 = 4E1 is smaller than that in the E2 = 0 case. However, a larger E2
can produce a higher interfacial shear stress. Generally, the von
Mises stress becomes larger with increasing friction coefﬁcient
and alsowhen the Young’smodulus of right quarter space decreases
relative to the left quarter space. Furthermore, Table 2 lists the
maximumnormalizedvonMises stress for differentd andvariouslf.3.3. Further discussion on interfacial or edge effects
When the contact occurs at both quarter spaces, the pressure
becomes discontinuous at the interfaces due to the material prop-
erty mismatch. In this section, frictionless contact on both quarter
spaces is investigated. Parameter d is selected to be zero, which
means the contact center is at the joint interface. The material
parameters and normal load are the same as those listed in Table 1.
In order to produce more accurate solutions near the interface, the
simulation domain is divided into 128  128  50 cuboids along
the x, y and z-directions, respectively.
Fig. 16 shows the contour plot of the contact pressure distribu-
tion for the case of E2 = 4E1 and E2 = 0.5E1. For a stiffer right quarter
space, the contact region is relatively smaller and the pressure is
Fig. 16. Contour plots of dimensionless pressure for different E2 when d = 0: (a) E2 = 4E1, (b) E2 = 0.5E1.
Fig. 17. Dimensionless pressure p/ph and surface stress rxx/ph along the x-axis, and contour plots of dimensionless von Mises stress in plane y = 0 for different E2 when d = 0:
(a) E2 = 4E1, (b) E2 = 0.5E1.
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right quarter space. Furthermore, the dimensionless pressure p/ph
and surface stress rxx/ph along the x-axis and the von Mises stress
in plane y = 0 are shown in Fig. 17. Discontinuous pressure and von
Mises stresses can be seen at the interfaces. The maximum pres-
sure and surface compressive stress are found on the stiffer quarter
space. Moreover, curves of the surface tensile stresses show a
higher shoulder at the contact edge on the stiffer quarter space.
However, the maximum von Mises stress is found at the interface
on the stiffer material side. Again, a high von Mises stress at the
interface is prone to cause interfacial failure.
Because the pressure distribution is not symmetric with respect
to the y-axis, a moment is needed to hold the sphere. As for the
case of E2 = 4E1, the moment My is 331.89 N mm, while for
E2 = 0.5E1, moment My is 267.07 N mm. The present numerical
analysis indicates that the moment is negligible, provided that
the separation distance d is larger than a.4. Conclusions
A new numerical contact method for solving joined quarter
space contact problems has been developed. With this method,
one of the joined quarter spaces can be treated as an inhomogene-
ity, and the EIM is employed to determine the equivalent eigen-
strains. The displacement and stress ﬁelds are the superposition
of the half space solution and the disturbed solution due to eigen-
strains. The results calculated by the proposed method are in good
agreement with corresponding FEM solutions.Problems of a rigid sphere in contact with joined quarters with
different Young’s moduli and subjected to various friction coefﬁ-
cients are analyzed. Results show that the pressure and stresses
are inﬂuenced by parameter d, the distance between the contact
center and the quarter space joint interface, and friction coefﬁcient
lf. As the parameter d increases, the pressure proﬁle moves to the
left (the direction of the more compliant quarter space) and the
maximum von Mises stress increases in the case that the contact
center is at the more compliant material side (i.e. E2 = 4E1), while
for E2 = 0, the case of a quarter space, the tendency is reversed.
The value of von Mises stress becomes higher with increasing fric-
tion coefﬁcient, and when the Young’s modulus of the right quarter
space decreases relative to the left quarter space, i.e., in the case of
E2 = 0, the maximum von Mises stress reaches the highest level.
When the contact is centered at the interface of both quarter
spaces, the pressure on the stiffer quarter space is higher, and
the pressure and the von Mises stress are discontinuous at the joint
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